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ABSTRACT 
We show that Deligne’s weight filtration on the cohomology of compact algebraic surfaces is a 
topological invariant and give counterexamples to topological invariance of the weight filtration on 
the local cohomology of isolated singularities of dimension greater than two. 
INTRODUCTION 
It was discovered by P. Deligne that the cohomology groups of complex 
algebraic varieties admit a canonical and functorial weight filtration 
oc w,c . . . c W,,=Hk(X) 
which is defined over Q and such that the successive quotients Wi/Wi- I “look 
like pieces of the cohomology of smooth projective varieties”. This means that 
they admit a Hodge decomposition 
Wi/Wi-, = @ Hp.4 
p+q=i 
with HP‘J =m. A more subtle notion is the concept of a mixed Hodge 
structure. 
As the weight filtration is already defined over Q, it has no “moduli”, hence 
under sufficiently equisingular deformations of the variety it will be constant. 
As two members in an equisingular family will be homeomorphic, this raises 
the following question: 
(Q) Is the weight filtration a topological invariant? 
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In the case of curves, it is easy to show that the answer to (Q) is yes. In higher 
dimensions, there are easy counterexamples even to analytical invariance in the 
non-compact case (see Remark (2.12)). In the compact case, McCrory [McC] 
gave an affirmative answer for varieties with normal crossings. Moreover a 
question of Verdier concerning the relation between W and the filtration 
obtained from Zeeman’s spectral sequence has been answered by Guillen, 
Navarro and Puerta [GNP]. In this paper we prove that for compact complex 
algebraic surfaces the weight filtration is a topological invariant (Theorem 
(2.11)). The proof has been inspired by W. Neumann’s results about links of 
isolated surface singularities, which depend heavily on Waldhausen’s analysis 
of a certain class of 3-manifolds. Moreover we give counterexamples to a 
modified version of (Q) in dimensions bigger than two, dealing with the weight 
filtration on the local cohomology of isolated singularities and homeo- 
morphisms of germs. 
The structure of this paper is the following. In 0 1 we consider the structure 
of the neighborhood boundary of the singular locus of compact complex 
surfaces. In 0 2 we use the results from 0 1 to prove topological invariance of 
the weight filtration in dimension 2. Finally 0 3 contains the counterexamples. 
We thank Alan Durfee for valuable discussions. 
5 l.NEIGHBORHOOD BOUNDARIESFOR SINGULAR SETS 
We first study links of isolated singular points. 
(1 .l) DEFINITION. If X is an analytic set with an isolated singularity at a 
point p E CN, then a compact submanifold A4 of X is called a link of p in X if 
there exists an open neighborhood U of p in X with MC U, a continuous 
function e: U-[O,=) with e-‘(O)=(p) and e-‘(l)=M and a homeo- 
morphism H of the cone on M onto e-‘([O, I]) such that e 0 H is the natural 
projection of cone (A4) onto [0, I]. 
(1.2) REMARK. This definition is adapted from Looijenga’s book [L], where 
he defines a real-analytic link: the function e is then required to be real- 
analytic. Two different real-analytic functions define diffeomorphic links. This 
justifies to speak about the link. 
In the general case we have: 
(1.3) LEMMA. There is an h-cobordism between any two links of an isolated 
singularity. 
PROOF. Let r and e be continuous functions defining a link. There are 
numbers O<a<b and O<c< 1 such that 
A deformation retraction of e- ‘([O, 1 J) - r- ‘([O, a)) on r- ‘(a) can be defined 
by first contracting @- ‘([c, 11) on @ - ‘(c) and then restricting the retraction of 
r-‘([a, b]) on r-‘(a) to e-‘([O,c])-r-‘([O,a)). 
Similarly e-‘(l) is a deformation retract of e-‘([O, l])-r-‘([O,a)). 0 
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So if dime X1 3 and if a link of p is simply connected (this is the case for 
complete intersections), then all links are homeomorphic by the topological 
h-cobordism theorem (cf [K-S], p. 113). 
In the surface case we admit only irreducible 3-manifolds as links. An 
orientable 3-manifold M is called irreducible if each 2-sphere in M bounds a 
3-cell in M. Then the fundamental group already determines the homeo- 
morphism type of the link, except when it is a lens space. ([N], section 9, proof 
of corollary 4). 
The neighborhood boundaries which we will construct for the singular locus 
of compact algebraic surfaces are graph manifolds in the sense of Waldhausen 
WI. 
(1.4) DEFINITION. Let A4 be a compact orientable 3-manifold, possibly with 
boundary. Let T= T, U . . . UT,, be a system of disjoint tori in the interior of 
M and U(T) a regular neighborhood of T in M. If each component of 
M- Int(U(T)) is homeomorphic to a fibre bundle with fibre S’, then T is 
called a graph structure. A manifold which has a graph structure is called a 
graph manifold. 
Each graph structure has a certain minimal subcollection of tori which still 
is a graph structure; it is called a reduced graph structure. We will not give the 
precise definition ([Wl], 6.2), because it is rather long. We will only describe 
how to find the reduced graph structure in the special case that is of interest 
to us. The boundary M of a tubular neighborhood of the exceptional divisor 
E on a good resolution of a normal surface singularity has a natural graph 
structure; the tori correspond to the double points of E. We will also consider 
manifolds with boundary obtained in the following way: if a divisor Z intersects 
E transversally, we remove a solid torus from M for each intersection point of 
Z and E; such a solid torus is a tubular neighborhood in M of a component 
of MflZ. For such graph-structures we will find the reduced graph structure. 
The easiest way to explain this is by operations on graphs. 
As the name indicates, graph structures can be described by graphs. We 
consider two types of graphs. 
(1 S) WALDHAUSEN GRAPHS. Waldhausen has defined a weighted graph for 
reduced graph structures ([Wl], section 9; cf. [N] section 5). The Waldhausen 
graph, associated to a reduced graph structure Tin M has one vertex i for each 
component A4i of M- Int( U(T)) and one edge G for each torus T,, of the graph 
structure; this edge connects the vertices i and j if U(T,) connects Mi and Mj . 
The vertex i carries the weight (g. r. e.) where gi is the genus of the base of the 19 I9 I P 
fibre bundle Mi, rj is the number of boundary components of M in Mi and ei 
is the Euler number of the bundle (defined if ri=O). It is possible that &Zi is a 
circle bundle over a non-orientable base with orientable total space; in that case 
gi will be negative. Thus the genus of lRP2 is - 1 and that of the Klein bottle 
is - 2. Each edge a has an arbitrary direction. Moreover it carries a weight 
(a,, /I,) with gcd (a,, 8,) = 1 and 0 I /I,, < a,. It describes how the torus in the 
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boundary of A4i is glued to the torus in the boundary of ik’j by means of 
VT,). 
(1.6) PLUMBING GRAPHS. The dual graph of a resolution is a special case of 
a plumbing graph as defined by Neumann [N]. In a general plumbing graph 
negative genus weights may occur. Each edge has a sign; in our application, all 
these signs are positive, so we will omit them. Boundary components are 
indicated in the same way as in Waldhausen graphs. In fact we can consider a 
plumbing graph as a special Waldhausen graph by assigning the weight (LO) 
and a direction to an edge. Neumann has defined a unique normal form for 
plumbing graphs; he gives an algorithm to bring a graph in Neumann normal 
form. 
Notation: we write the weights at a vertex i as: 
If ri is zero we may omit it; if both gi and ri are zero we may omit both. If 
ri#O, ei is not defined; if it is written, it should be disregarded. The notation: 
> 
represents any number of edges (possibly zero). 
(1.7) We can now describe the reduced graph structure for neighborhood 
bondaries of resolutions. We find it in two steps: 
- Bring the resolution graph in its Neumann normal form. This is done by 
applying the following operation to the graph (cf. [N], Theorem 8.2): 
whenever possible, replace a subgraph on the left by the graph on the right: 
except when the graph has the following form: 
4 
-2 
&--- el e 
-2 
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This operation is explained by noting that the circle bundle over the Moebius- 
strip with orientable total space has also another graph structure, for it is a 
circle bundle over a three times punctured 2-sphere with two solid tori attached 
to it ([Wl], 3.1). This operation may have introduced (- 1)-curves; blow them 
down. 
- We obtain a Waldhausen graph from a plumbing graph in Neumann normal 
form by the following operation: 
replace a maximal chain: 
by a directed edge with weight (a, 8): 
where (a, /I) is determined by the continued fraction: 
a/(a-j3)=[bl, . . . . bk], cf. [N], Theorem 5.6. 
We have to give the other edges weight (1,O) and a direction. The reason for 
this operation is the following: 
If M,, is a S’-bundle over an annulus, then MO is homeomorphic to the 
product of the torus and an interval, so a coordinate system in one boundary 
component can be expressed in the coordinate system of the other. Also, if one 
of two tori that form the boundary is omitted from the graph structure of M, 
the remaining tori still form a graph structure. 
REMARK. According to Waldhausen’s definition, lens spaces are not regarded 
to have a reduced graph structure. 
(1.8) THEOREM ([W 11, 8.1). Let M and N be manifolds with reduced graph 
structures T=T,U . . . UT, and T’=TiU . . . UT:; let #:M+N be a homeo- 
morphism. If (M, N) is not one of the exceptions below, then there exists a 
homeomorphism y, isotopic to I$, such that y/(T) = T’. In particular, m = n. 0 
The exceptions are described in [Wl], (8.1.1)-(8.1.9, cf. [N], proof of 
theorem 5.6; for reduced graph structures, obtained as above from resolution 
of singularities, these exceptions do not occur. 
By a theorem of Waldhausen [W2], the existence of a homeomorphism 
between two 3-manifolds is implied by the existence of a boundary preserving 
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homotopy equivalence, provided the manifolds are sufficiently large (cf [He], 
13.9). A manifold with non-empty boundary is always sufficiently large. A 
sufficient condition for closed manifolds to be sufficiently large is that the first 
homology group is infinite. 
(1.9) Let X be a normal compact complex algebraic surface. Let Z’ be a 
possibly reducible curve on X and 2Y”= Sing(Z’)US Let Z=Z’ UZ”. 
Such a 2 arises naturally if X is the normalization of a given surface: one takes 
Z’ to be the inverse image of the singular locus of that surface. We will 
construct a special neighborhood of C: 
- Let Z”= {pi , . . , ,J+}. Let Vi be a small neighborhood of pi such that aUi is 
a link and has a graph structure as above and (Vi, UiflS) is homeomorphic to 
Cone (au,,au,nZ). This is also possible when pi is a regular point of X 
because complements of iterated torus links are graph manifolds ([N], 
Appendix 3). 
- Let E,, . . . . E, be the components of the complement of zn(/Ji Ui) in 2. 
Choose a tubular neighborhood 5 of Ej (i.e. a disc bundle over Ej) in X 
whose boundary intersects the aUj transversally. Then the union U of all Vi 
and Vj is our neighborhood of 2. The boundary M of U together with its 
natural graph structure is called a distinguished neighborhood boundary of 2 
in X. 
REMARK. If h : (X,Z)-+Y’,Z’) is a homeomorphism and A4 is a distinguished 
neighborhood boundary of 2 in X, then h(M) is a distinguished neighborhood 
boundary of Z’ in X’. 
Let X,22 and U be as above and let (X,0) be a good resolution of (X,2’). Let 
0 be the inverse image of U in X. Then D is a deformation retract of 0. We 
have ao-XJ=A4, so there is a natural map H’(D)-rH’(M). In this situation 
we have 
(1.10) LEMMA. The image ofN’(D) in W’(M) is uniquely determined by the 
topology of (X,Z). 
PROOF. Let p be a singular point of X and let M(p) = W(p) (IM, where U(p) 
is a neighborhood of p as in (1.9). We say that Mb) is a link of the germ of 
(X,2) in p. Let N(p) be another link, obtained as the boundary of a neighbor- 
hood of the divisor D. We may suppose as in (1.3) that N(p) is a deformation 
retract of the region between N(p) and M@) and that the induced map 
M@)+N@) maps the boundary of M(p) to that of N(p). Let M(p) be 
sufficiently large; otherwise p is an isolated point of Z and H’(M(p)) =O. 
According to (1.8) there is a homeomorphism from N(p) to M(p). This induces 
a second reduced graph structure on M(p), which is isotopic to the first one. 
The operations (1.7) with their inverse operations involve only components 
of D with vanishing first cohomology group; also they replace only tori in the 
same homology class. 
The homology classes of the other tori of the graph structure of M are 
uniquely determined by the construction (1.9). This proves that the subspace in 
Ii,(M) generated by the tori is canonically determiaed. So also the 
cohomology classes in H’(M) which are PoincarC dual to these tori are 
canonically determined. The rest of H’(D) comes from the cohomology of the 
irreducible components Dj of D. As we have seen, the parts of M that are 
circle bundles over Riemann surfaces with positive genus have also an invariant 
meaning, so the image of 
@ H’(Dj)+H’(M) 
g(D,PO 
is also canonically determined. 0 
8 2. TOPOLOGICAL INVARIANCE OF THE WEIGHT FILTRATION 
(2.1) As has been shown by Deligne [Dl], the cohomology groups of complex 
algebraic varieties carry a canonical and functorial mixed Hodge structure. We 
will be dealing with part of this, the weight filtration W. We list some of its 
properties, and refer to [D2] for more information. All cohomology groups are 
taken with rational coefficients. 
(2.2) The increasing weight filtration in fact exists on ak(X, Y) for every pair 
(X, Y) of complex algebraic varieties with YCX, and the following properties 
hold: 
(2.2.1) If 4:(X, Y)+(X’, Y’) is a morphism of pairs, then the linear map 
4*:&(X’, Y’)+Hk(X, Y) is strictly compatible with W, i.e. for all i: 
@ *Hk(Xp Y) fl WjHk(X* Y) = @ * WiHk(X’, rl) * 
(2.2.2) All linear maps in the long exact sequence of cohomology of the pair 
(X Y): 
. ..-M(X. Y)-mk(X)+Hk(Y)- . . . 
are strictly compatible with W. 
(2.2.3) Let X have dimension n. Then WiHk(X, Y) = 0 if i<O or i< 2k- 2n, 
and WJ@(X, Y) =Hk(X, Y) if iz 2k or ir 2n. 
(2.2.4) If X is Zariski-open in a smooth compact variety X, then W@(X) = 0 
for i< k and W#(X) is the image of the natural map &(X)+@(X). 
(2.2.5) If X is compact and 7~: Y-X a proper birational map such that Y is 
smooth, then W$Zk(X) = Hk(X) for iz k and W,- @(X) is the kernel of the 
natural map &(X)-H’(Y). 
(2.3) We are interested in the following problem: 
under which conditions is the weight filtration on the cohomology of 
a compact complex algebraic variety preserved under homeo- 
morphisms? 
69 
A variety X of dimension n is said to have normal crossings if every point of 
X has an open neighborhood which is biholomorphic to a neighborhood of the 
origin in a union of coordinate hyperplanes in Cn+ ‘. Clint McCrory [McC] has 
proved, that for compact varieties with normal crossings the weight filtration 
coincides up to a shift with the filtration defined by the Zeeman spectral 
sequence. As the latter is a topological invariant, the same holds for W. 
In case X has dimension one, the only space to worry about is W,H’(X), 
which is a topological invariant, because 
W,H’(X) = Ker (H’(X)+H1(Xreg)) 
where Xreg is the regular locus of X. This follows from (2.2.4) and (2.2.5). 
Our first result is the following. 
(2.4) THEOREM. Let X be a compact complex algebraic variety and h :X+X 
a homeomorphism. Suppose that there exist 
(i) a subspace ZC X with h(Z) = Z, X\Z smooth and W,- *Hk(Z) = 0 for all 
k, and 
(ii) a proper birational map R : Y-*X such that Y is smooth, E = n-‘(Z) is a 
divisor with normal crossings on Y, R : Y\ E+X\Z is biholomorphic and 
h can be lifted to a homeoniorphism k of Y. Then h *preserves WiHk(X) 
for all i, k. 
PROOF. Choose Ls, Y, n, E, 6 as in the statement of the theorem. Because 
K: Y\E-rX\Z is biholomorphic, the map K *: Hk(X,Z)-Hk(Y, E) is an 
isomorphism for all kz0 (cf. [K-We, 0 11). One has a commutative diagram 
with exact rows, obtained from II : (Y, E)+(X, 2): 
. . . +Hk-‘(Z)-+Hk(X,~)+Hk(X)-+Hk(~)+ . . . 
I I I 
. . . -+Hk-‘(E)-‘Hk(Y,E)+Hk(Y)-‘Hk(E)+ . . . 
such that all maps are strictly compatible with the weight filtration W, h * and 
/i* act on the top and bottom sequences respectively in such a way, that all maps 
are equivariant for these actions. By (2.2.5) and (2.2.6), H’(Y) is pure of 
weight k, SO wkHk( Y, E) = Hk( Y, E) and WiH”( Y, E) = image of WiHk- ‘(E) 
for i< k. As /i* preserves WiHk- ‘(E) (because E has normal crossings), it also 
preserves WiHk( Y, E’), hence h * preserves WiHk(X, 2). Because wk-, Hk(X) 
equals the kernel of Hk(X)+Hk(Y), it is also preserved by h *. Finally 
WiHk(Z) = 0 for is k - 2 implies that WiHk(X) equals the image of W,H”(X, Z) 
in Hk(X) for such i. Hence it is also preserved by h *. 
(2.5) QUESTION. Let X be a compact complex algebraic surface and 
h :X+X a homeomorphism. Does there exist a homeomorphism h’ of X which 
is homotopic to h and can be lifted to the minimal good resolution of X? 
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An affirmative answer to this question would enable us to apply Theorem 
(2.4) to the case of surfaces and conclude topological invariance of the weight 
filtration for surfaces. As we have no answer to this question, we use another 
tool: the mixed Hodge structure on the neighborhood boundary of the singular 
locus, as introduced by A. Durfee [Du 31. 
(2.6) Let X be a complex variety, ZCX a compact subvariety of X such that 
X-Z is smooth. Let U be an open neighborhood of I: in X such that 
a) M= c?V is a topological manifold, 
b) the inclusions 2-r U and M+ U\Z are homotopy equivalences. 
Then one has a long exact sequence 
. . . --) H&g(X) -Hk(Z)-+ Hk(M) + Hi+ l(X) -+ .,. (9 I I= I= I 
. . . +Hk(U, U-Z)-Hk(U)-Hk(U-Z)-+Hk+l(U, U--Z)-, . . . 
Recall that Hi(X) and Hk(Z) carry mixed Hodge structures. The map 
H{(X)-Hk(Z) can be factorized by 
H;(X)-Hk(X)-Hk(Z) 
hence it is a morphism of mixed Hodge structures. 
(2.7) THEOREM. ([Du 31, Theorem (3.4)). The spaces Hk(M) carry a natural 
mixed Hodge structure such that the sequence (*) is an exact sequence of mixed 
Hodge structures. 
(2.8) REMARK. Let x:X+X be proper and birational such that 
xX’-7r1(Z)1-,X-Z. 
Let Z’= 7rm1(Z), U’= n-‘(U). Then it follows from Durfee’s construction that 
one has a commutative diagram 
. . . -, H;(X) --t Hk(Z) 3 Hk(M)+ . . . 
I I I 
. . . ~H~,(X’)-rHk(~‘)~Hk(M)~ . . . 
with’ exact rows, where all vertical maps preserve the Hodge and weight 
filtrations. In particular the mixed Hodge structure on Hk(M) is preserved 
under such modifications. This enables one to compute it replacing Z by a 
divisor D with normal crossings on a smooth model Y of X. 
(2.9) LEMMA. Let A4 be a neighborhood boundary of the singular locus 2 of 
a compact complex algebraic variety X and let R : Y-r X be a good resolution. 
Let D= n- ‘(2). Then 
W,H’(M) = image of H’(D) in H’(M), 
WOH1(M) = image of WOH1(D) in H’(M). 
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PROOF. Use sequence (*) and the fact that H&(Y) is purely of weight 2 (it is 
generated by the fundamental classes of the irreducible components of 0). 
(2.10) COROLLARY. If M is a distinguished neighborhood boundary (cf. 
(1.9)) of the singular locus of a compact complex algebraic surface X, then the 
spaces WOH1(M) and WIH’(M) can be reconstructed from the given graph 
structure on M. 
PROOF. One may reconstruct the image of the map H’(D)+H’(M) from this 
graph structure (see (1 .lO)), hence WIN’(M) is canonically determined. The 
subspace W,H’(M) can be recovered in the following way. 
Let T,, . . . . T, be the tori of the graph structure on M. They correspond to 
cohomology classes TV, . . . , 7, E H’(M) (up to a sign) by PoincarC duality. Then 
W,H’(M) is the subspace generated by 71, . . . , T,. To see this, first remark that 
this subspace does not change if the graph structure is modified by the 
operations (1.7). Thus in view of Lemma (1.8) it is sufficient to check this for 
one set of tori, e.g. corresponding to the minimal good resolution of X. Then 
there exists a map e : M-D such that e-t@) = Tj for Pi a double point of D 
and 
M\(T,U . . . U T,)-+D\{P,, a.-,P,> 
is a circle bundle. We let n:d-+D be the normalization, i@=Mx,d and 
a: A&M. We have exact sequence of sheaves 
and 
and hence a commutative diagram 
The claim now follows from the fact that WOH’(D, Q) is the image of 8 and a’ 
maps 1 EI@(T~, Q) to rj. 0 
Now we come to our main result. 
(2.11) THEOREM. Let X be a complex compact algebraic surface, h a 
homeomorphism of X. Then h *:Hk(X)+Hk(X) preserves the weight 
filtration for every k. 
PROOF. Without loss of generality we may assume that X is weakly normal. 
Let Z= Sing X. Then Z is the set of points of X, where X is not a topological 
manifold, hence h(E) = 2’. 
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Let n :X-X be the normalization. Then W&‘(X) = W,H3(X) = 0 and h 
can be lifted to a homeomorphism /i of 8. This implies that, if Y+X is a 
resolution of X, the maps H’(X)+N’(Y) and H3(X)+H3(Y) are injective (by 
(2.2.5)). Hence 
W,H’(X) = Ker (N’(X)+H’( Y)) = Ker (H’(X)+H’(X)), 
which is preserved by h *. The same argument works for W,H3(X). Hence we 
only have to check that h * preserves W&‘(X) and WiH2(X). 
Let M be a distinguished neighborhood boundary of Z in X. Then also 
M’= h(M) is a distinguished neighborhood boundary of Z in X, and we have 
a commutative diagram 
H’(A4’) - f&X) 
H’(M) - H;(X) 
Because h : M+M’ is compatible with the given graph structures on M and M’, 
h * maps W,H’(M’) to WiH1(M) for i=O, 1. Hence h *: H$(X)+Hi(X) 
preserves WiH;(X) = image of WiH1(M) for i = 0,l. This last equality follows 
from the sequence (*) in (2.6) and the fact that H’(Z) is purely of weight two. 
From the sequence 
(**I H;(X)+H2(X)-+H2(X-Z) 
and the fact that W,H2(X-Z) =0 (as X-Z is smooth), it follows that 
WiH2(X) = image of ?ViHi(X)* H2(X), i = 0,l. 
As the sequence (**) is h *-equivariant, we conclude that h * preserves 
WoH2(X) and IV, H2(X). 0 
(2.12) REMARK. For non-compact complex algebraic surfaces the weight 
filtration is not even an analytic invariant. 
Example: (cf. [Ha], Appendix B, 2.0.1). 
- Let U=d=*xc*=lP’ - (three lines}. 
- Let C be an elliptic curve and X the unique nontrivial ruled surface over C 
with invariant e = 0 and let C, be the section with Co2 = 0. Let U’= X- C,. 
Then U and u’ are analytically isomorphic, but have different weight 
filtration: 
H’(U) is purely of weight one 
H’(U) is purely of weight two. 
5 3.COUNTEREXAMPLES 
In this section we give examples of isolated singularities with diffeomorphic 
links but with different weight filtrations on the cohomology of the link. 
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(3.1) Let f:(C”+‘, O)-r(C, 0), n even, n #2,4,8 be a germ of a holomorphic 
function which has an isolated singularity at 0. The diffeomorphism type of the 
link M of 0 in f - ‘(0) is determined by H,,- ,(M, Z), the bilinear and quadratic 
forms on the torsion subgroup of H,, _ ,(M, Z) and the signature of M ([Du 11). 
If.mLY,z,~3, **-, tn)=fi(X,y,Z)+t:+... + t,‘, these invariants can be calculated 
from fi. We take 
and let M’ be the link of 0 in fi- ‘(0) =X. The minimal resolution rr :8-X has 
n-‘(O) =D, UD, where Di and DZ are smooth rational curves, intersecting 
transversely in 3 points, 0: = - 2 and Di = - 5. 
Hence b,(w) = 2. The order of the torsion subgroup of H, (M’) is given by 
the determinant of the intersection matrix 
lDi.Djl= -: -; =I I I 
so Hl(M’)~Z2. As the Di are rational, H’(M’) is purely of weight zero. The 
signature of M’ is the signature cr of the Milnor fibre X, of f,. It can be 
computed by the formulas 
p=bb,(Xt)=12pg-b,(D)+b,(D)+K’ 
o = - 8pg - b2(D) - K2 (see [Du 21). 
Here pg = dim, (Rirt ,@f)e and K is a canonical divisor on x, K= - 9D1 - 602, 
so K2 = - 18. Moreover a standard computation gives ,U = 54. 
So p,=6 and g= -32. 
The singularity defined by: 
g,(xy,z)=z2+y3+x24 
has the same invariants: HI(M) = Z2, a(M’) = - 32; its resolution graph is 
Herep,= and K2= -4. 
The weight filtration is different: WoEI’ = 0. 
Sof:v+l +C and g:C”+’ +C have diffeomorphic link for n even, n f2, 4 or 
8, but the weight filtration is different: the weight filtration on H”-‘(M) is 
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completely determined by the eigenvalue 1 part of the monodromy off (resp. 
g) (see [S]), which is the same as for fr (resp. g,). 
(3.2) Simply connected 5-manifolds that bound parallelizable manifolds are 
diffeomorphic if they have the same second homology group ([B]). 
Consider the link M of the singularity defined by 
f(x, y, z, t) = (x + y2)(x2 + y5) + z3 - t42. 
This is a smoothing of the surface singularity 
g(x,y,z)=(x+y2)(x2+y5)+z3a 
The homology of A4 can be calculated with the exact sequence: 
o-+&(M)+&(F, aF) 
Varh 
- H2(F)+H2(M)-0 
where F is the Milnor fibre of the smoothing and Var,, is the variation map 
associated to the monodromy h. This monodromy is a power of the classical 
monodromy operator H of the surface singularity g. The boundary aF of the 
Milnor fibre is the link of g. The above exact sequence is the dual of an exact 
sequence of mixed Hodge structures on the cohomology of M and the Milnor 
fibre, see ([S], (2.6)). 
A matrix for h can be calculated from the Dynkin diagram for the T237 
singularity. We find that W,(M)EZ? and the weight filtration is non-trivial 
because the monodromy h has infinite order and the link aF of g is a 3-manifold 
with no cycles in its graph, so W&‘(aF) = 0. 
Another manifold with the same homology as Mis the link of the singularity: 
x2] - Y 21 + t: + t2 2. 
The cohomology of this link has trivial weight filtration. 
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